From the ADHM construction on noncommutative R 4 θ we investigate different U (1) instanton solutions tied by isometry trasformations. These solutions present a form of vector fields in noncommutative R 3 θ vector space which makes possible the calculus of their fluxes through fuzzy spheres. We establish the noncommutative analog of Gauss theorem from which we show that the flux of the U (1) instantons through fuzzy spheres does not depend on the radius of these spheres and it is invariant under isometry transformations.
INTRODUCTION
Noncommutative geometry is a generalization of the usual differential geometry in the sense that the usual description of manifolds by their corresponding algebra of functions is reformulated by using noncommutive algebras which are considered as algebras on noncommutative spaces [1, 2, 3] . In physics one can hope that noncommutative geometry gives alternatives to solve many problems such as renormalization of quantum field theories where the fuzzy spheres are used in the regularization sheme [4] , quantization of gravity [5] , superstring and M-theory [6, 7, 8] and quantum Hall effect [9, 10] .
In the several last years a great variety of works in field theories on noncommutative geometry have been developed. In particular the Yang-Mills gauge theories which are emerged from certain low energy limit of string theory [11, 12] or from M theory compactification [7, 8] . In the most part of this development are treated some non perturbative aspects of noncommutative gauge theories especially to describe noncommutative instantons and their topological charge [13, 14, 15, 16, 17, 18, 19, 20] .
Up to now only the C 2 Chern character of the noncommutative gauge theories is treated in the works cited above. In our knowledge not any of these works did not interested in the computation of the C 1 Chern character which needs integration of the strength field over a two dimensional noncommutative closed submanifold of R 4 θ . More precisly, in the operator formalism the explicit computation of the C 1 Chern character requires the trace of the operator strength field expressed in terms of elements of a subalgebra describing this noncommutative two dimensional closed submanifold.
In this work we mainly treat the invariance of the one topological charge under isometry transformations of U(1) instantons on noncommutative R 4 θ and establish the analog of Gauss theorem in noncommutative R 3 θ space from which we show that the flux of U(1) instantons through fuzzy spheres does not depend on their radius (does not depend on the Hilbert space representations of different fuzzy sphere algebras).
We begin this paper by recalling some properties of noncommutative R 4 θ space and review briefly the ADHM (Atiyah-Drinfeld-Hitchin-Manin) construction of instantons on this noncommutative space [22, 23, 24, 13] .
In the third section, explicit solutions are investigated to clarify the sense of isometries which act as noncommutative U(1) gauge transformations of the theory. We show that these isometries leave invariant the topological charge. For this study we introduce a restriction on the Hilbert space on which the transformed solutions are defined, then clarify the relation between the gauge transformation and the noncommutative analog of the translation in the base space R 4 θ reflected by a change of domain in the Hilbert space where the trace is performed.
In the last section we investigate the U(1)-one-instantons by reducing the operator algebra over R 4 θ to that over R 3 θ . This will leads us to calculate the flux of the U(1) instanton fields through fuzzy spheres. Finally we give a noncommutative analog to the Gauss theorem and we investigate the invariance of this flux under isomerty transformations of instantons fields and coordinates of R 3 θ space.
In this section we work on R 4 θ which is characterized by the noncommutativity of the complex coordinates The topological number is defined by
where the trace is taken both on the group indices (for the general case of the U(N) gauge group) and on the Hilbert space (or a part of the Hilbert space as we shall see in the next subsections). The above relation is the noncommutative version of the second Chern character defined by:
where F µν = * F µν = 1 2 ǫ µνρσ F ρσ is the dual of the strength field.
U (1)-one-Instanton explicit solution
We will now concentrate on explicit examples of U(1)-one-instanton solutions on R 4 θ tied by isometry transformations then calculate the instanton number of each one. Dealing with the U(1)-one-instanton on R 4 θ means that k = N = 1, thus the matrices B 1,2 , I, J become complex numbers and must commute among themselves. Inserting this in the ADHM equations we obtain II † − J † J = 4θ and IJ = 0, we take
The parameters B 1,2 are interpreted as the position of the instanton and due to the translational invariance of R 4 θ we can consider the case when the instanton is localized at the origin i.e. B 1,2 = 0. The Dirac operator reads
Finely we look for the solution Ψ of the Dirac equation
which will be presented in the following subsections to construct the gauge field and to calculate the topological number defined in the relation (5).
H 00 -Solution
The solution of the equation (7) is (see [14] ):
where z z = z 1 z 1 + z 2 z 2 . We can see that this solution is not normalized as said in the ADHM data, since the operator norm
has indefinite value on the vacuum state |0, 0 . However this solution is well normalized in the subspace where the state |0, 0 is projected out. The subspace H− {|0, 0 } will be denoted by H 00 . This restriction on H will be taken into account in what follows i.e. in all the summations related to the Hilbert subspace we should take (n 1 , n 2 ) = (0, 0), thus the restricted identity on H 00 will be given by 1 
The gauge field is directly calculated on H 00 by
An explicit computation of (9) gives
which leads to a strength field F 00 = dA 00 + A 00 · A 00 of the form
from which we can see that the anti-self duality conditions are satisfied :
The identity id H00 = − → n =(0,0) |n 1 n 2 n 1 n 2 | on H 00 is in fact the projector P = 1 − |00 00| on the full Hilbert space H which appears in [14, 15, 16] and the restriction that we impose is equivalent to the appearance of such projectors shown in [15] . we will denote the ordered couple (n 1 , n 2 ) by − → n , and the sum n 1 + n 2 by n.
Now we can calculate explicitly the topological charge of the U(1) instanton expressed like in relation (5) by:
and inserting them in the expression above we get [14] 
H KL -Solution
By taking into account the fact that the solution (7) belong to a right module (the product from the right of ψ 0 by any element of the algebra R 4 θ is also a solution). We may consider in the following solution of the form ψ 0 (
where U is given by
One can check that (12) can be rewritten as
where
We will restrict ourselves, for the same reason explained in the last subsection, to the Hilbert subspace states H KL on which the solution is well defined and well normalized; the eigenstates of N( z, z) whose the eigenvalues do not vanish. The subspace H KL = P KL H is spanned by the basis |n 1, n 2 such that n 1 K, n 2 L, and (n 1 , n 2 ) = (K, L). The projector P KL reads
Before we study this solution, we investigate some properties of U transformations which we will see below that they act like noncommutative U(1) gauge transformations. They are not unitary but satisfy the properties of isometries 2 .
On H KL , the relations (15) read
Under U, the gauge field transforms in this subspace as
where we have used the fact that in H KL we have U † ψ † 0 ψ 0 = U † . We can see from the relation(17) that U acts (from H 00 to H KL ) like noncommutative U(1)-gauge transformations act on the gauge fields. Now the strength field in H KL is defined as usual by:
Using the equation (17) and the next relations in H KL
which is the gauge transform of the strength field F 00 (in H 00 ) in the subspace H KL . The instanton number must be unchanged by the U-transformations, this is what we will see in the calculus of
The trace in the right hand-side of the relation (20) must be calculated explicitly and not via its cyclicity property. For this purpose we calculate the contributing parts of U † F 2 00 U to get
where f (n 1 , n 2 ) = (n 1 − n 2 ) 2 + 2n 2 (n 1 + 1) + 2n 1 (n 2 + 1) g(n 1 , n 2 ) = n 2 (n + 1) 2 (n + 2) 2 which gives
Then we find:
which shows that the cyclicity of the trace must by accompanied by a change of the domain in the Hilbert space where this trace is performed. This study shows also that the U gauge transformation (17) and (19) which is a one-to-one map between H and P KL H = H KL , plays also the role of noncommutative analogue of coordinate translation of the base space leading to a change of the integration domain (change of the domain of the Hilbert space where the trace is performed).
4 Reduction to the vector space R 3
θ In this section we will calculate The flux of the U(1)-one instanton strength field through the fuzzy sphere. This investigation is justified by the fact that the U(1) instanton strength field (11) can be written in terms of the R 3 θ vector space coordinates x i as
with θ = 1 2 and x 0 = 1 2 z z. The coordinates on R 3 θ are defined from those on R 4 θ by reduction (Hopf fibration) in the following way
where z α , z α are the coordinates on the noncommutative space R 4 θ and τ i are the three Pauli matrices. The coordinates x i generate a subalgebra A 3 θ ⊂ A 4 θ . They satisfy the relation x i · x i = x 0 x 0 + 1 and the commutation rules
where the repeated indices are summed over. It is convenient now to use the Schwinger basis of the Hilbert space
where J = 0, 1 2 , 1, ...∞ and m runs by integer steps over the range − J ≤ m ≤ J.
The algebra A 3 θ can also be described by the algebra A 3 θ of c-number function f (x) endowed with the star product [21] f
In terms of elements of the algebra A 3 θ we can decompose the strength field components (22) as (22) permits us to view it as the noncommutative analog of the classical Dirac magnetic monopole field (or by duality as the static coulombian electric field). So it is interesting to calculate the flux of this noncommutative vector field through a fuzzy sphere. To perform the calculus of the flux of the vector fields through fuzzy spheres, we generalize the technics of the Gauss theorem to the noncommutative space by using the integration measures on R 3 θ and on the fuzzy sphere investigated in [21] .
The derivatives with respect to z α and z α of a scalar field ϕ (
θ of a quadri-vector given by
where ∂ i = ∂ ∂x i . These relations are similar to the transformations of the covariant components of a quadri-vector under a coordinate transformations. In our case the transformation z α , z α −→ x i is just an injection from R 4 θ to R 3 θ which is not invertible. This will lead us to consider, in what follows, only quadri-vectors V of components V α , Vᾱ ∈ A 4 θ verifying the same transformations like in (25)
Combining the transformations of the derivatives with respect to z and z given in (25) and the transformations of the quadri-vector covariant components (26) we get the divergence of V as
which is now defined on the algebra A 3 θ . Then the integration of the above divergence over R 4 θ reduces to the integration over R 3 θ as [21] :
Now we calculate the integral of the divergence 3 ∂ i F i over a volume in R 3 θ bounded by two fuzzy spheres of radii J 1 and J 2 respectively (J 1,2 = 0) :
where we have used x i ⋆P J (x 0 ) = x i P J− 1 2 (x 0 ) and x 0 dx 0 π dΩP J (x 0 ) = (2J + 1) [21] . This shows clearly that the only contributions to the integral of the divergence of the vector field − → F come from the boundaries i.e. the two fuzzy spheres of radii J 1 and J 2 . This suggests that each of the two terms in (29c) represent the flux (of magnitude −2 ) through the fuzzy sphere J 1,2 independently from the radius J i . The opposite signs represent the directions of the fluxes; entering or outgoing flux in the volume bounded by the two spheres of radii J 1,2 . The fact that the result of the integral is zero shows the absence of a charge between the spheres of radii J 1,2 = 0 which express the absence of singularities of F i in this integration volume. In what follows we will see that the singularity of the U(1) instanton field − → F at the origin is in fact due to a charge.
Each term in (29c) can be represented by a flux of F i J given by
where the second term represents the analog of the classical flux of F i J through the fuzzy sphere of radii J. Let us recall that the measure on R 3 θ differs from the usual one on R 3 by a factor 1
x 0 and the integration of a scalar function on the fuzzy sphere is [21] . For the calculus of the flux we must multiply the measure on the fuzzy sphere not as in the classical case by the unit vector x i = x i x 0 normal to the sphere and pointing outward but by 2x i . In what follows we will establish the noncommutative analog of the Gauss theorem for any vector − → V (x) ∈ A 3 θ . For this end we calculate the flux in the operator formalism. In terms of operators the integration (28) over a volume bounded by a fuzzy sphere of radii J reduces to a trace over the Hilbert space representation
(30) which shows clearly that the right hand side represent a surface term, a trace over H J . z α V α + V α z α can now be translated in terms of c-number function as:
By using (26) and (27) we can rewrite (31) in terms of star-product in A 3 θ as
θ . Then the right hand side of (30) can be rewritten as
(32) which is the flux of the vector field V through the fuzzy sphere or radii J.
By combining (28) with (32) translated in term of integral of x i J * V J i + V J i * x i J over a fuzzy sphere of radii J, we can estabish the noncommutative analog of gauss theorem for any vector field
where the left hand side is the integral of the divergence of − → V over a volume in R 3 θ bounded by a fuzzy sphere of radii J 1 and the right hand side is a surface term which is the integral over the fuzzy sphere of radii J 1 which express the flux of the vector field − → V ∈ A 3 θ through this sphere. Applying the above formalism to the case of our strength field F i , we get from (32) the flux through the fuzzy sphere of radius J as
This result shows that the Flux Φ is independent from the choice of the representation J i.e. it is independent from the choice of the sphere radius Φ = −2 ∀J the radius of the fuzzy sphere.
(33) This is similar to the classical Gauss theorem which states that the total charge calculated by the flux of a coulombian or Dirac monopole field through a closed surface is independent from the shape of this closed surface. Thus (33) is the noncommutative analog of the Gauss theorem on the noncommutative space R 3 θ This result shows also that the quantity Φ represents a source of the field − → F which we can be interpreted as a magnetic charge, Thus the U(1)one-instanton on R 4 θ gives rise to a magnetic charge at the origine of the noncommutative space R 3 θ . However, due to the self-duality, this flux represent also an electric charge. This means that we are in the presence of a Dyon (electric and magnetic charge) on R 3 θ . (34) where P = 1 2 (K + L) , Q = 1 2 (K − L). Then the components of the transformed field is given by
H
These new coordinates x i u satisfy
x i u x i u = x 0 u ( x 0 u + 1) and the same commutation relations as the old ones
Note that in this case the formalism is expressed in the subalgebra
The formula (36) is similar to the transformations on which the components of the angular momentum transform under a gauge transformation in quantum mechanics 4 . These transformations are concretely given by The transformed coordinates generate the subalgebra S 2 u,J which is an algebra describing a truncated fuzzy sphere realized in the Hilbert subspace H u,J ⊂ H J spanned by the basis |J, m − Q with J = J ′ + P and − J ′ ≤ m ≤ J ′ . In this truncated space H u,J the coordinates x i u,J act as 
Thus we obtain the same result as in (33) and also in this gauge the flux of the transformed strength field is independent from the choice of the radius i.e. independent from the Hilbert space representation H u,J Φ = −2 ∀J > P the radius of the fuzzy sphere, ∀ K, L ≥ 0 or P = 0, 1 2 , 1, ...∞ and Q runs by integer step over − P ≤ Q ≤ P.
Discussion and conclusion
In this paper we have investigated U(1)-one-instanton solutions with the intension of studying the relation between the instanton number and isometries. This allows us to see that the isometry transformations which act like U(1) gauge transformations, which classically do not affect the base space, make changes on the Hilbert space. They precisely shift the states of the Hilbert space. This transformation in the Hilbert space may be considered as the noncommutative analog of translation, so we can see in these examples the mixing between gauge transformations and the geometrical changes resulting on the noncommutative base space of the theory. Another result we give here is the fact that the relation (21) is valid for every couple (K, L) which physically means that the instanton number is independent from the choice of the shift, in the space states, parametrized by the quantum numbers K, L .
The third result, obtained in the last section, is that the description of the U(1)-one-instanton solution in terms of A 3 θ algebra, gives rise to an objet behaving like Dirac magnetic monopole field. Its flux through the fuzzy spheres is independent from the choice of the radius of these ones. This fact can be seen as the noncommutative analog of the Gauss theorem for the coulombian forces in the classical case. Furthermore we have seen that the the flux is inavriant under the isometry transformations of the U(1) instanton field, provided that the coordinates on R 3 θ transform as x i u = U † x i U. This transformation preserve the commutation rules of the coordinates algebra on R 3 θ , and confirm the mixture between gauge theory and geometrical transformations acting on the base space, which, in our case, rotate the fuzzy sphere and shifts the radius.
As further directions one can generalize the statements above on noncommutative multi-U(1)-instanton solutions on R 4 θ by searching for general solutions to calculate their flux through fuzzy spheres to hope to find higher monopole charges.
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